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We describe the coupled system of supergravity and a superbrane source by the sum of the group
manifold action for D–dimensional supergravity and the action for a super–p–brane. We derive the
generalized Einstein equation with the source and discuss the local fermionic symmetries of the
coupled action. Our scheme could be especially relevant in D = 11, 10, in which the superfield
actions for supergravity are not known.
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1. Introduction. The interaction of superbranes with
supergravity is usually studied either in the bosonic ap-
proximation (see e.g. [1–3]) or by means of worldvolume
actions [4–7] written in a supergravity background. In
the latter approach the requirement of κ–symmetry of
the superbrane action leads to the superfield supergravity
constraints. However, for D = 11, 10 these turn out to be
on–shell constraints whose consistency implies free super-
gravity equations without any source. Thus, the existing
approaches deal only with an approximate description of
the supergravity—superbrane coupled system.
The natural supersymmetric extension of the interac-
tion between the bosonic fields of the supergravity super-
multiplet and bosonic branes is provided by the sum of
the superbrane action and the full action for supergravity.
The main problem for this extension is that the super-
brane actions involve the supergravity background in the
superfield formulation, while the actions for D = 11, 10
supergravity are known in component form only. Thus,
the component action for supergravity and the super-
gravity background in the superbrane action are written
in terms of different variables [8,3].
The first message of this letter is that a supergrav-
ity formulation allowing for a description of supergrav-
ity coupled to a dynamical superbrane source may be
provided by the group manifold (GM) action [9]. The
key point is that this action is formulated in terms of
superfields, but in which the Grassmann coordinate θα
of curved superspace is replaced by the fermionic field
θ˜α(x). The same superfields also enter in the super–p–
brane action, where now the bosonic and fermionic coor-
dinates xµ, θα, are replaced by worldvolume fields xˆµ(ξ),
θˆα(ξ). Thus, both the GM supergravity and superbrane
actions depend on the same ‘superfield’ variables and the
joint variational problem is well posed.
We shall derive in this framework the supergeneraliza-
tion of the Einstein equation with a source and show that
on shell the superbrane field θˆα(ξ) coincides with the re-
striction θ˜α(xˆ) ≡ θ˜α(xˆ(ξ)) of the supergravity fermionic
field θ˜α(x). We shall also describe the local fermionic
symmetries of the coupled system.
2. Action for the coupled system of supergravity and
a super–p–brane source. Let ZM=(xµ, θα) be the coor-
dinates of superspace Σ(D|n) (µ = 0, 1, ..., (D − 1), α =
1, ..., n, n = 2[D/2]N) and let φ˜ [φˆ] map spacetime MD
[worldvolumeW p+1 parametrized by ξm = (τ, σ1, . . . σp),
m = 0, . . . , p] into Σ(D|n). Then,
φ˜ :MD → Σ(D|n) , xµ 7→ Z˜M (x) = (xµ, θ˜α(x)) ; (1)
φˆ :W p+1 → Σ(D|n) , ξm 7→ ZˆM (ξ) = (xˆµ(ξ), θˆα(ξ)) . (2)
Eqs. (1), (2) determine D– and (p+1)–dimensional sur-
faces MD and Wp+1 in superspace Σ(D|n).
The action is assumed to be of the form
S =
∫
MD
L˜D +
∫
Wp+1
Lˆp+1 ≡ SD,SG + SD,p , (3)
where L˜D is the LagrangianD–form (onM
D) of the GM
action for D–dimensional supergravity (the explicit form
of which is known for the D = 4, 6 and D = 11 cases only
[9]), and Lˆp+1 is the Lagrangian (p+1)–form (on W
p+1)
of the super-p-brane.
2a. The Lagrangian form L˜D = LD(Z˜, dZ˜) of the GM
action SD,SG =
∫
MD L˜D for supergravity [9] is the pull–
back L˜D = φ˜
∗(LD) to M
D of a D-form LD on Σ
(D|n),
LD(Z; dZ) =
1
D!
dZMD . . . dZM1LM1...MD (Z) . (4)
LD is constructed from the supervielbein
EA = (Ea, Eα) = dZME AM (Z) , (5)
the torsions Tα = DEα = dEα − Eβw
α
β , T
a = dEa −
Ebw ab , the curvature R
ab = dwab −wacw bc of the (inde-
pendent) spin connection wab = dZMwabM = −w
ba, w
α
β =
1/4wabΓab
α
β and, possibly, from a set of superforms
Cp+1 ≡ 1/(p+ 1)!dZ
Mp+1 . . . dZM1CM1...Mp+1(Z) provid-
ing superfield extensions of the antisymmetric gauge
fields Cµ1...µp+1(x) entering the supergravity multiplet
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(C3 for D = 11 supergravity), supplemented by the aux-
iliary tensor zero–form fields F a1...ap+2 (F abcd for D=11
supergravity) that are necessary to rewrite the kinetic
terms for the gauge field without using the Hodge ∗-
operator. The most important terms in LD are
LD = R
abE
∧(D−2)
ab −
2i
3 DE
α Eβ E
∧(D−3)
abc Γ
abc
αβ
+ . . . , (6)
where E
∧(D−q)
a1...aq ≡
1
(D−q)!εa1...aqb1...bD−q E
b1 . . . EbD−q .
Since φ˜∗(dθα) = dθ˜α(x) = dxµ∂µθ˜
α(x),
L˜D = LD(x, θ˜; dx, dθ˜) = d
DxLSG(x, θ˜, ∂µθ˜) , (7)
where dDx is the volume D–form on MD. Hence, the
GM action for free supergravity can be treated as a usual
(component) action, but with a dependence on θ˜(x) de-
termined by the map φ˜∗ (eq. (1)). Such a dependence
on θ˜(x) allows one to treat all the equations of motion,
obtained by varying (7), as superfield equations valid in
superspace Σ(D|n). This is because the superdiffeomor-
phism invariance of LD implies that L˜D is invariant under
the pull-back of superdiffeomorphisms
δs˜Z˜
M = bM (x) : δs˜x
µ = bµ(x) , δs˜θ˜
α(x) = εα(x) , (8)
plus the corresponding ‘superfield’ transformations
δ′s˜E
A
M (Z˜) := E
′A
M (Z˜(x)) − E˜
A
M (Z˜(x)), δ
′
s˜w
ab
M (Z˜), etc. As
a result, δSD,SG/δθ˜ does not produce an independent
equation of motion and the field equations do not de-
pend on the choice of the surfaceMD, i.e. of φ˜. As the
union of all such surfaces covers Σ(D|n), one has a reason
to lift the field equations to superspace [10] by omitting
the pull–back from the superforms.
The equations of motion resulting from δw˜ab,
δF˜ a1...ap+2, δC˜p+1, δE˜
α and δE˜a variations are
T˜ a + iE˜αE˜βΓaαβ = 0 , (9)
dC˜p+1 − c E˜
αE˜βE˜a1 . . . E˜apΓa1...apαβ +
+ 1(p+2)!E
ap+2 . . . Ea1F˜a1...ap+2 = 0 , (10)
G˜(D−p−1) := d(E˜
∧(D−p−2)
a1...ap+2 F˜
a1...ap+2) + . . . = 0 , (11)
Ψ˜(D−1)α :=
4i
3 DE˜
β E˜
∧(D−3)
abc Γ
abc
βα + . . . = 0 , (12)
M˜(D−1) a := R˜
bc E˜
∧(D−3)
abc + . . . = 0 , (13)
where c is a constant depending on D and p. After their
lifting to superspace, eqs. (9), (10) give rise to the free
supergravity constraints on Σ(D|n) (see [9])
T a = −iEα EβΓaαβ , (14)
dCp+1 = cE
αEβEa1 . . . EapΓa1...apαβ + . . . , (15)
while eqs. (11), (12) and (13) become the supergener-
alization of the free gauge field, Rarita–Schwinger and
Einstein equations on Σ(D|n),
G(D−p−1) := d(E
∧(D−p−2)
a1...ap+2 F
a1...ap+2) + . . . = 0 , (16)
Ψ(D−1)α :=
4i
3 DE
β E
∧(D−3)
abc Γ
abc
βα + . . . = 0 , (17)
M(D−1) a := R
bcE
∧(D−3)
abc + . . . = 0 . (18)
Moreover, the Lagrangian form LD is chosen in such a
way that
∫
L˜D possesses the local supersymmetry [9]
δlsE˜
a = −2iE˜αΓaαβǫ
β(x, θ˜(x)) , (19)
δlsE˜
α = Dǫα(x, θ˜(x)) + . . . , δlsw˜
ab = . . . , . . . ,
δlsx
µ = 0 , δlsθ˜
β(x) = 0 , (20)
where the dots in the expression for δlsE˜
α, δlsw˜
ab de-
note the terms including ǫα without derivatives and
ǫα(x, θ˜(x)) = φ˜∗(ǫα(x, θ)). In the framework of the sec-
ond Noether theorem, the symmetry (19) is reflected by
the (Noether) identity
DΨ˜(D−1)α − 2iM˜(D−1)a E˜
βΓaαβ + . . . ≡ 0 , (21)
which, as well as DM˜(D−1)a−. . . ≡ 0, follow from the def-
initions for Ψ˜ and M˜ in (12), (13), see [9], and where the
terms denoted by dots are proportional to the expressions
(9)–(12). In contrast with (8), this local supersymmetry
survives after setting θ˜(x)=0 because of (20).
The lifting of the equations of motion to superspace
fails when δθ˜ produces an independent equation (cf. [11]).
It may also fail when δS/δθ˜ ≡ 0 if θ˜ appears explicitly
in an independent equation of motion or when the lift-
ing of some equation of motion to superspace results in
a contradiction (as it will be the case in Sec. 3 for the
interacting system). This happens as well in the model
with self–dual gauge fields (cf. [12]).
2b. The Lagrangian form for a super–p–brane is [4,5]
Lˆp+1 =
1
2
∗ Eˆa ∧ Eˆ
a −
(p− 1)
2
(−)p ∗ 1− Cˆp+1 (22)
(explicit expressions for the Dp-branes and the M5-brane
can be found in [6] and [7]), where
Eˆa = dZˆME aM (Zˆ) = dξ
m∂mZˆ
M (ξ)E aM (Zˆ) , (23)
Cˆp+1 ≡
1
(p+1)!dZˆ
Mp+1 . . . dZˆM1CM1...Mp+1(Zˆ) are the
pull–backs φˆ∗(Ea), φˆ∗(Cp+1) of the bosonic superviel-
bein and gauge superforms to W p+1, and ∗ is the Hodge
operator for a (p+1)–dimensional space with (indepen-
dent) worldvolume metric gmn on W
p+1; ∗Eˆa ∧ Eˆ
a =
dp+1ξ
√
|g|gmnEˆamEˆ
b
nηab, (−)
p ∗ 1= dp+1ξ
√
|g|.
3. Equations for the coupled system and fermionic
fields θ˜, θˆ. The variational problem associated with the
full action (3) requires that the variations of the GM ac-
tion are extended to an integral over superspace Σ(D|n),
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∫
MD
δL˜D =
∫
Σ(D|n)
dnθ(θ − θ˜(x))nδL˜D , (24)
with the use of the Grassmann delta function δ(θ −
θ˜(x)) = (θ − θ˜(x))n, and similarly for the variations of
the superbrane action on W p+1, for which
∫
Wp+1 δLˆp+1 =∫
Σ(D|n)
dDxdnθ
∫
Wp+1
δLˆp+1δ
D(x − xˆ(ξ))(θ − θˆ(ξ))n . (25)
The variation of (3) with respect to the supervielbein
coefficient δEaM (Z) produces the equation
(θ − θ˜(x))nM˜(D−1) a ∧ dZ˜
M = dDx×
×
∫
Wp+1
∗Eˆa ∧ dZˆ
M (θ − θˆ(ξ))nδD(x− xˆ(ξ)) , (26)
where M˜(D−1) a is given in eq. (13). Factoring out dx
µ,
eq. (26) for M = µ implies
(θ − θ˜(x))nM˜(D−1) a = dx
∧(D−1)
µ × (27)
×
∫
Wp+1 ∗Eˆa ∧ dxˆ
µ(θ − θˆ(ξ))nδD(x− xˆ(ξ)) .
The superspace coordinate θ appears in the Grass-
mann deltas only. Thus eq. (27) contains a set of
n θ–independent equations corresponding to the θn,
(θ)
(n−1)
α ≡
1
(n−1)!ǫαα1...α(n−1)θ
α1 . . . θα(n−1) etc. coeffi-
cients in the expansion. The θn coefficient gives
M˜(D−1)a = J
(p)
(D−1)a ≡
≡ (dx)
∧(D−1)
µ
∫
Wp+1 ∗Eˆa ∧ dxˆ
µδD(x− xˆ) , (28)
which constitutes the ‘superform’ generalization of the
Einstein equation with source. The (θ)
(n−1)
α equation,
after eq. (28) is taken into account, acquires the form
(we factorize out the common (D − 1)–form multiplier
and use θ˜α(x)δD(x− xˆ(ξ)) ≡ θ˜α(xˆ)δD(x− xˆ(ξ)) )
∫
Wp+1 ∗Eˆa ∧ dxˆ
µ (θˆα(ξ)− θ˜α(xˆ(ξ)))δD(x− xˆ) = 0 . (29)
Integrating over MD with an arbitrary probe function
f(x, θ˜(x)) we conclude that eq. (29) implies
∗ Eˆa ∧ dxˆ
µ (θ˜α(xˆ)− θˆα(ξ)) = 0 (30)
and, as the worldvolume is assumed to be a nondegener-
ate (rank(Eˆam) = (p+ 1)) surface, that
θ˜α(xˆ(ξ)) = θˆα(ξ) . (31)
Hence, the fermionic coordinate field θ˜α(x), which plays
an auxiliary roˆle in the GM formulation of free super-
gravity, becomes identified on Wp+1 with the worldvol-
ume fermionic coordinate field θˆα(ξ) in the interacting
case, i.e. φ˜|Wp+1 = φˆ so that W
p+1 ⊂ MD and, in
particular,
ˆ˜E
a
≡ dZ˜M (xˆ)EaM (xˆ, θ˜(xˆ)) = Eˆ
a ≡ dZˆMEaM (xˆ, θˆ) . (32)
We note that after replacing M˜(D−1)a in Eq. (27) by the
r.h.s. of Eq. (28) and using the identification (31), Eq.
(27) becomes an identity and thus it does not produce
other independent equations beyond (28) and (31).
The (p+1)–form gauge field equation (11) evidently
acquires a source term from the super–p–brane Wess–
Zumino term Cˆp+1 (22) (see [1] for the bosonic case).
In our super–p–brane—supergravity interacting sys-
tem, wab, Fa1...aq , as well as the fermionic supervielbein
form Eˆα, do not appear in the super-p-brane action since
the Wess–Zumino term Cˆp+1 is treated as the pull–back
φˆ∗(Cp+1) to W
p+1 of an independent (p+1)–form Cp+1
on Σ(D|n). Hence, eqs. (9), (10) as well as the fermionic
superform equation (12) will not acquire a source term
from δSD,p.
4. A toy model of the coupled system. Local symme-
tries. Let us consider, for simplicity, the supergravity—
superparticle coupled system (eq. (3) for p=0) with
Lˆ1 =
1
2
e(τ)EˆaEˆbτηab , ∗Eˆa = e(τ)Eˆτa . (33)
The superparticle equations of motion (δS/δZˆM (τ))
EaM (Zˆ)= 0, (δS/δZˆ
M (τ))E
α
M (Zˆ)= 0, δS/δe(τ) = 0 are
D(e(τ)Eˆτa) + e(τ)EˆτbEˆ
BTBa
b(Zˆ) = 0 , (34)
e(τ)EˆτaEˆ
BTBα
a(Zˆ) = 0 , (35)
Eˆaτ Eˆτa = 0 . (36)
The gauge field equation (11) remains ‘free’, as the
fermionic equation (12) and the geometric equations (9),
(10) do. Thus, the terms denoted by dots in (21),
DM˜(D−1)a + . . .=0 and similar equations vanish. Then
the integrability condition for eq. (12) reads (cf. (21))
DΨ˜(D−1)α = 2iM˜(D−1)a ∧ E˜
βΓaαβ = 0 . (37)
Using now (28) for p=0 one finds from (37) (see (33))
Jp=0(D−1)a ∧ E˜
βΓaαβ = 0 (38)
i.e., (dx)
∧(D−1)
µ ∧ E˜
βΓaβα
∫
W 1
eEˆτa dxˆ
µδD(x − xˆ) = 0.
Due to eqs. (31), (32) this is then equivalent to
∫
W 1
eEˆτa Eˆ
βΓaβαδ
D(x− xˆ) = 0 , (39)
which implies
EˆβΓaαβEˆτa = 0 . (40)
Thus eq. (40), which follows from eq. (37), has the same
form as the fermionic equation for the superparticle in
a superspace supergravity background being subject to
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the constraints (14). In the same way the integrability
condition for eq. (28) produces D(e(τ)Eˆτa) = 0.
The supergravity part of the coupled system is in-
variant under the local supersymmetry (19) due to the
identity (21) (now no longer a Noether identity for the
coupled system since it contains M˜(D−1)a rather than
M˜(D−1)a − J
(p=0)
(D−1)a). For the superparticle part we have
δlsSD,0 =
∫
W 1
(e(τ)Eˆτa δlsEˆ
a + dτ 12 EˆτaEˆ
a
τ δlse(τ)) =
=
∫
W 1
(−2ie(τ)EˆτaEˆ
αΓaαβǫ
β + dτ 12 EˆτaEˆ
a
τ δlse(τ)) , (41)
since δlsEˆ
a is simply given by (19) for hatted variables
(ǫα(xˆ, θˆ) etc.), due to (20). Thus δlsS = 0 if
φˆ∗(ǫα) ≡ ǫα(xˆ, θˆ) = EˆaτΓ
αβ
a κβ(τ) , (42)
on W1 and δlse(τ) = 4iEˆ
α
τ κα(τ). This shows that
the local supersymmetry δls (19) in the supergravity—
superbrane coupled system is preserved on MD but not
onW1 where, due to the relation (Eˆaτ Γa)
2 = Eˆaτ Eˆτa = 0,
it reduces to (n/2) ‘κ–like’ transformations (42) [13].
The coupled action evidently possesses the local
symmetries (8) supplemented by the transformations
δs˜Zˆ
M = bM (xˆ) of the superbrane variables
δs˜xˆ
µ = bµ(xˆ) , δs˜θˆ
α = εα(xˆ) . (43)
This invariance is a consequence of the invariance of the
differential forms EA etc. under superdiffeomorphisms,
the pull–backs of which give (8) and (43).
In spite of the local symmetry (8) for the coupled sys-
tem, the equations cannot be lifted to Σ(D|n) (see the
end of Sec. 2a). Indeed, the na¨ıve lifting of eqs. (9), (12)
produces the superspace constraints (14) and eq. (17),
which implies the lifting of (37), M(D−1)a=0 and hence
no source. In contrast, eq. (38) on an arbitrary surface
MD implies eq. (40) with J
(p=0)
(D−1)a 6= 0. Thus, the equa-
tions of motion for the interacting system are formulated
in terms of ‘superfields’ depending on θ˜(x), i.e. living on
the D–dimensional surfaceMD.
5. Final remarks. The local symmetry (8), (43) of
the coupled action might suggest that both the bosonic
and fermionic degrees of freedom of the superbrane xˆ, θˆ
as well as the supergravity fermion θ˜(x) are pure gauge.
However, the ‘gauge’ θ˜(x) = 0, θˆ(ξ) = 0 is singular
(the corresponding superspace transformation is not a
superdiffeomorphism); the same applies to setting θ = 0
in any superfield supergravity. Nevertheless, the GM ac-
tion makes sense when θ˜(x) = 0 is imposed. In this case
eq. (31) implies θˆ(ξ) = 0 and the coupled action reduces
to that of the bosonic brane plus the component action
for supergravity. These considerations will apply to any
superdiffeomorphism invariant action for the coupled sys-
tem.
The D = 11 supergravity GM action is known [9].
It could be directly used to the study of supergravity—
M2-brane system. An important technical problem for
further applications of our approach is the explicit con-
struction of the group–manifold action for the D = 10
type IIA and IIB supergravities as well as for the duality
invariant version ofD = 11 supergravity [2]. We conclude
by noting that the identification of the supergravity and
superbrane fermionic coordinate functions (31) indicates
that our approach could also be useful in the Lagrangian
description of interacting superbrane systems (cf. [14]).
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